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Introduction

•hadronic properties in medium is 
interesting subject from various aspects q
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•studying dense QCD is one of the 
most important problems in physics

•strongly related to nuclear physics and studies of the nuclear exotic states

•key to understand the origin of the 
thermodynamic properties in dense QCD

•connected to understanding of neutron stars, structure of nuclei, etc.

e.g., equation of state

•signatures of chiral-symmetry restoration in medium

e.g., kaon mass in medium  kaonic nuclei

hadron mass hadron interaction



•QCD inequality does not hold 
•attract both theoretical and experimental 
attention for several decades 

•lattice QCD: difficult due to sign problem
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•zero density:

Hadron masses in medium

•finite density:

•we study hadron masses in 2-color QCD at finite density

•we consider hadron mass in low  and finite T μ

•QCD inequality: pion is the lightest meson  

•a lot of studies for a long time

(T. Hatsuda and S. H. Lee,  
Phys. Rev. C 46, no.1, R34 (1992))

(KEK-PS E325,  
Phys. Rev. Lett. 98, 042501 (2007))

[Gubler, Satow, 2019] for review

 v.s. density 

from QCD sum rule

mρ  meson mass spectra 
 from p+C and p+Cu
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•2-color QCD: QCD with SU(2) gauge field 
•lattice simulation is available for μ ≠ 0

2-color QCD in finite density

•phase diagrams in 2-color QCD:

(K. Iida, E. Itou and T. -G. Lee, 
JHEP 01, 181 (2020))

 : charge conjugation operator 
 : Pauli matrix on 2-color space

<latexit sha1_base64="xksu9FgX0ESA6mUvWrpKcsJHito="></latexit>

C
<latexit sha1_base64="9XD9GqgwdkusCoo5NlzufpGRmZ4="></latexit>⌧i

2nd-order phase transition 
due to diquark condensation

real

<latexit sha1_base64="yP9m5/BJlw2F4JA+TcyEeOqgVPo="></latexit>

(detD(µ))⇤ = detD⇤(µ) = det[�5C⌧2D(µ)⌧2C
�1�5] = detD(µ)



μ

Hadronic SuperfluidBEC
 BCS 

(confined)

μ = mπ /2μ = 0

mass shift for qq, q̄q̄ no , NG mode by  U(1)B ⟨ψψ⟩ ≠ 0

5 (pseudo-)NG bosons

<latexit sha1_base64="QDqVixjk8OL/vKN4+/NekP8KLZQ="></latexit>

Sp(4) (⇠ SO(5))
<latexit sha1_base64="uId2UTtn7CMS3Q9pktX+5WHcPJo="></latexit>

U(1)B ⇥ SU(2)V
<latexit sha1_base64="RTG3Xj6W/uZ6TbRbsSHAR1bqmFA="></latexit>

Sp(2)V (⇠ SU(2)V )

<latexit sha1_base64="Z1cDWuxbgr7YYSBD4Myry+ypeYk="></latexit>

SU(4)⇥ U(1)A

•(main) hadrons in 2-color QCD: mesons and diquarks
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Hadrons in 2-color QCD

, ⟨ψ̄ ψ⟩ ≠ 0 m ≠ 0

Classical (Lagrangian) level at μ = 0, m = 0

•pion ( , ) 

•scalar diquark ( ) 

•scalar antidiquark ( )

π± π0

qq

q̄q̄

anomaly

•flavor symmetry in low  ( ):T Nf = 2

<latexit sha1_base64="t6YOPkCdHHrZIgEsoJQ/60rzMe4="></latexit>

 ̄a� a

<latexit sha1_base64="kSFt7eoJnUV2hO2jby1391K+waM="></latexit>

✏ab a(C�5)� b

(cf., 3-color QCD Lagrangian:                                                  )
<latexit sha1_base64="MCZitAlUrbkSTVs/em2fnDcJt8Q="></latexit>

SU(2)V ⇥ SU(2)A ⇥ U(1)B ⇥ U(1)A



•superfluid phase: non-trivial -dependence has been observed 
in several previous lattice studies 

μ
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Hadron masses in 2-color QCD in finite density

•flipping spectral ordering of  and  meson 

•NG mode generated by the diquark condensation

π ρ

[Muroya, Nakamura, Nonaka, 2003]

•we focus on hadron masses in low  and T μ ≠ 0
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•hadronic phase: -dependence of single hadron 
energy is trivial at  (for any #color)

μ

T = 0
(MK, Itou, Iida, submitting to journal 
[arXiv:2309.08143 [hep-lat]])

quark number of the hadron 
(meson: , diquark:  )<latexit sha1_base64="VgNXcazMGlxnkHKk1aCKNEmdVc8="></latexit>

n = 0
<latexit sha1_base64="BnlIjnD0wCLAcZtcNc9KT1Sfbhs="></latexit>

n = +2
hadron mass at μ = 0

[Hands, Sitch, Skullerud, 2008]
[Wilhelm et al., 2019]

<latexit sha1_base64="k1mBTJwAflogN8sdJjdAZ7NU19c="></latexit>

E =
p

p2 +m2 � µn
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Lattice simulation in superfluid phase

•to avoid the onset problem,  
we add diquark source term to the quark action 

: diquark source term

•another problem in superfluid phase: lattice simulation cannot be done  
due to zero eigenvalue of the Dirac operator (onset problem)

caused by gapless mode (NG mode) 
for diquark condensation

• cf., in the case of SSB at  …χ μ = 0

NG bosons generated by SSB (pion) 
become massless at  

 zero eigenvalues of Dirac operator 
(lattice simulation is impossible) at 

χ

m = 0

m = 0

“mass term” for the gapless mode
<latexit sha1_base64="2h0Wy9bdxwbNdPYnj//+a8jPy+o="></latexit>

SF =

Z
d4x  ̄f (x)(�µDµ +m+ µ�0) f (x)

<latexit sha1_base64="JJSTJV5AQl2tSr2NOYRX+B05meo="></latexit>

+jD̂
<latexit sha1_base64="381XqQTj849j9NNt4+mstQLHpU4="></latexit>

D̂ = �1

2

Z
d4x [ ̄1(x)(C�5)⌧2 ̄

T
2 (x)�  T

2 (x)(C�5)⌧2 1(x)]

<latexit sha1_base64="uE0uiCaSQq+h8aXTtCljBFIujU0="></latexit>

(f = 1, 2)
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Quark propagators for 2-color QCD in finite density 
•quark action with diquark source term

 3 types of quark propagators

•  : normal propagator
<latexit sha1_base64="/cCdkRYJ4UcNKdAtK8sLIECPO6w="></latexit>

 f  ̄f

•examples of the quark contractions
ψ1

ψ̄2

ψ̄1

ψ2
−

ψ1

ψ̄2

ψ̄1

ψ2

•scalar diquark 2pt function
ψ1

ψ2

ψ̄1

ψ̄2
−

ψ1

ψ2

ψ̄1

ψ̄2

• pion 2pt function

neglected in this work

<latexit sha1_base64="2h0Wy9bdxwbNdPYnj//+a8jPy+o="></latexit>

SF =

Z
d4x  ̄f (x)(�µDµ +m+ µ�0) f (x)

<latexit sha1_base64="JJSTJV5AQl2tSr2NOYRX+B05meo="></latexit>

+jD̂

<latexit sha1_base64="stkLRmVmyB/h35VhKsHNmLeXCYM="></latexit>

h ̄2�5 1(t) ( ̄2�5 1)
†(0)i =

<latexit sha1_base64="a+jvMYVRlbuQa+vpX0hJt4IxOo0="></latexit>

h 1C�5 2(t) ( 1C�5 2)
†(0)i =

•  : anomalous propagator (antiquark  quark) (      )
<latexit sha1_base64="Am+9MMb4bfx9ZeRft8w1vX0hmsU="></latexit>

 ̄T
2  ̄1

<latexit sha1_base64="lTRWR87ug64e66Pul1HU6/ju7OQ="></latexit>/ j

•  : anomalous propagator (quark  antiquark) (      )
<latexit sha1_base64="jcgGMOEKUz8TSz8xQ6fIgUAJMS4="></latexit>

 2 
T
1

<latexit sha1_base64="lTRWR87ug64e66Pul1HU6/ju7OQ="></latexit>/ j
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•Conf.: Iwasaki gauge action + 2-flavor Wilson quark action 
in QC2D in finite  and  (gauge fixing, 400 confs.) 

• ,  lattices,  at ,  

•target:

μ j

β = 0.8 324 mπ /mρ ≈ 0.81 μ = 0 T ≈ 0.19Tc

Simulation details

• use   
(not so small value in superfluid phase) 

•neglect disconnected diagrams

j ≠ 0

(K. Iida, E. Itou and T. -G. Lee, PTEP 
2021, no.1, 013B05 (2021))
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0.5

0.19Tc 
(this work)

•at this moment,

• ,  meson (meson with  and isospin ) 

•(pseudo) scalar ( ) meson/diquark/antidiquark 
with isospin 

π ρ JP = 1− I = 1

JP = 0±

I = 0
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2pt functions of  and  mesonπ ρ

•  breaks down 

•pion becomes noisy  
(   channel?)

<latexit sha1_base64="ESYoNXV8NgFxn9iz1EXYtw9yNZc="></latexit>

C⇢(t) < C⇡(t)

π → ρρ

in hadronic phase in superfluid phase

•  holds 

•both signals are clear
<latexit sha1_base64="ESYoNXV8NgFxn9iz1EXYtw9yNZc="></latexit>

C⇢(t) < C⇡(t)
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Masses of  and  mesonπ ρ

•hadronic phase: no  dependence  

•ordering of  and  flips at  

•consistent with the results in the previous lattice studies 
and studies by effective models

μ

π ρ
<latexit sha1_base64="5rnNmxpgs18oQ1h4R3HDTZiDxX4="></latexit>

µ ⇡ m⇡/2

(S. Hands, P. Sitch and J. I. Skullerud, 
Phys. Lett. B 662 (2008), 405-412)

[Hatsuda, Lee,1992; Kogut et al., 2000]

[Muroya et al., 2003; Hands et al., 2008; 
Wilhelm et al., 2019]

Our results

Hadronic Superfluid

:  from PT in 2-color QCDm*π χ
[Kogut et al., 2000]

consistent with  with , 
<latexit sha1_base64="jVXeQZy9P2rwK3B98clzlLU+icM="></latexit>

E =
p

p2 +m2 � µn
<latexit sha1_base64="/PJGFXp19erraGd5MCWAsCvfLAc="></latexit>

p = 0 <latexit sha1_base64="VgNXcazMGlxnkHKk1aCKNEmdVc8="></latexit>

n = 0
[MK, Itou, Iida, submitting to journal]



12

2pt function in scalar channel
in hadronic phase in superfluid phase

•meson: symmetric 

•diquark: asymmetric 

•we define•diquark mass: fit from  

•antidiquark mass: fit from 

C(T − t)

C(t)

•meson: signal gets clear 

•diquark: getting symmetric
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in hadronic phase in superfluid phase

•diquark: getting symmetric 

•meson: different magnitude of 
slopes in early and late  

 ground + 1st excited?
t

•meson: symmetric 

•diquark: asymmetric 

•we define•diquark mass: fit from  

•antidiquark mass: fit from 

C(T − t)

C(t)

2pt function in pseudo-scalar channel
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•hadronic phase: consistent with  
•very light mode in scalar channel in superfluid phase  NG mode? 

•in superfluid phase, all three masses have the same values  Why?

scalar pseudo scalar

Masses in (pseudo) scalar channels

Hadronic Superfluid

Hadronic Superfluid

:  (= results from PT in 2-color QCD)mπ ± 2μ χ
[Kogut et al., 2000]

[MK, Itou, Iida, submitting to journal]

<latexit sha1_base64="jeeYFpdqXgA0voQNFIggWBx7h/E="></latexit>

E(p = 0) = m� µn



•hadronic phase:  
•superfluid phase: meson-diquark-antidiquark mixing due to SSB of 

<latexit sha1_base64="jeeYFpdqXgA0voQNFIggWBx7h/E="></latexit>

E(p = 0) = m� µn
<latexit sha1_base64="JTR504rzMa0mwjy5g+c7PFeeptE="></latexit>

U(1)B
15

Linear sigma model with diquark gap
•Linear sigma model with diquark gap explains such phenomenon

scalar 
Set (I)
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⌘, B0, B̄0 mix
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B
<latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="D0MH17yboXvWlHgEnXGwXlOzaes="></latexit><latexit sha1_base64="D0MH17yboXvWlHgEnXGwXlOzaes="></latexit><latexit sha1_base64="fq7zR/WgTXBeR107efKDKLF3WGo="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit>

B̄
<latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="9TelNdE0oG/RsCHySf8xIgxr8kc="></latexit><latexit sha1_base64="9TelNdE0oG/RsCHySf8xIgxr8kc="></latexit><latexit sha1_base64="vM/N0yvVURL71/K6thkIeeQ0b5o="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit>

pseudo scalar

: diquark
: antidiquark

: diquark
: antidiquark

(Suenaga, KM, Itou, Iida, Phys. Rev. D107, no.5, 054001 (2023) [arXiv:2211.01789 [hep-ph]])

ground 
(NG mode)

1st 
excited

2nd 
excited

ground

1st 
excited

2nd 
excited

(input of LSM: masses of pion and pseudo-scalar 
diquark, use approximation )<latexit sha1_base64="uRTe8yoYgywTdn99sCtNWwr7CMI="></latexit>m� ⇡ ma0
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Meson-diquark-antidiquark mixing in lattice results 

•in superfluid phase, meson, diquark and antidiquark 2pt functions 
observe the same ground state? 

•still some discrepancies   effect?j ≠ 0, T ≠ 0

scalar pseudo scalar

•“hadron mass” in this calculation: fit results of the 2pt function for 
the corresponding hadron operator

ground 
(NG mode)

ground
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Summary/Future work
•we study hadron spectrum in low temperature and finite density  

•order of  and  meson spectrum flips at  

•signature of meson-diquark-antidiquark mixing in (pseudo) scalar channels 
in superfluid phase 

•Future work:

π ρ
<latexit sha1_base64="5rnNmxpgs18oQ1h4R3HDTZiDxX4="></latexit>

µ ⇡ m⇡/2

•investigate other channels 

•  extrapolation, include disconnected diagrams 

•estimate mixing angle quantitatively  
 variational method?

j → 0
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Backups



19

Quark propagators in detail
•4 types of quark propagators

( f = 1,2)

• : (usual) Dirac operator at chemical potential  

• , 

Δ(μ) μ

J = κj K = (Cγ5)τ2

•  : normal propagator ( )ψf ψ̄f = SN = (Δ†(μ)Δ(μ) + J2)−1Δ†(μ) SN(μ, j = 0) = Δ−1(μ)

•  : anomalous propagator 

(quark -> antiquark)

ψ2ψT
1 = SA = J(Δ†(μ)Δ(μ) + J2)−1K

•  : back propagator 

( )

ψ̄T
f ψT

f = S̄N = Kγ5(Δ†(−μ)Δ(−μ) + J2)−1Δ†(−μ)Kγ5

S̄N = − ST
N

•  : anomalous propagator 

(antiquark -> quark)

ψ̄T
2 ψ̄1 = S̄A = JKγ5(Δ†(−μ)Δ(−μ) + J2)−1γ5
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Effective mass in ,  channels in superfluid phaseI = 0 JP = 0±

•position of plateaux of all three hadrons looks the same 
 meson-diquark-antidiquark mixing? 

•  meson: decrease slowly  contribution from excited state? 0−



Φij ∼ ΨT
j σ2τ2ΨiΨi = (

ψR

σ2τ2ψ*L )

•QC2D ( )Nf = 2

Φ → gΦgT

•quark field •meson, diquark op

Ψ → gΨ g ∈ SU(4)

•LSM( )Nf = 2

•meson, diquark field

Σ =
1
2

0 −B′￼+ iB σ − iη + a0 − iπ0

2
a+ − iπ+

B′￼− iB 0 a− − iπ− σ − iη − a0 + iπ0

2

− σ − iη + a0 − iπ0

2
−a− + iπ− 0 −B̄′￼+ iB̄

−a+ + iπ+ − σ − iη − a0 + iπ0

2
B̄′￼− iB̄ 0

Σ → gΣgT

•chiral and diquark gap

σ → σ + σ0

B + B̄

2
→ Δ +

B + B̄

2
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LSM with diquark gap (Suenaga, KM, Itou, Iida, Phys. Rev. D107, no.5, 
054001 (2023) [arXiv:2211.01789 [hep-ph]])
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•for some channels in large , we see an explicit sign of 
contribution from excited states

μ

•imply the comparable overlap with excited states 

•we use double cosh function in fitting for  
meson in  at  and  at I = 0, 0+ aμ = 0.7 I = 0, 0− aμ = 0.4 − 0.7

Contribution from excited states

2pt function of meson ( , )I = 0, 0+ aμ = 0.7

plot of 
 

with 

f(t) = A1(e−m1t + e−m1(32−t)) + A2(e−m2t + e−m2(32−t))

A1 = − 1.0, m1 = 0.15, A2 = 10.0, m2 = 0.8

Preliminary
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•massive excited states 

•level repulsion in  channel?0−

Results of excited states

I = 0, 0+ I = 0, 0−

Preliminary
Preliminary

Hadronic Superfluid

Hadronic Superfluid
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•diquark/antidiquark: consistent 
•meson: different behavior in 
small   finite  effect?μ j

Consistency with the previous studies for  channelI = 0, 0+

Our results

(S. Hands, P. Sitch and J. I. Skullerud, Phys. Lett. B 662 (2008), 405-412)
Meson Diquark/Antidiquark

Preliminary

(J. Wilhelm et al., Phys. Rev. D 100 
(2019) no.11, 114507)
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•diquark/antidiquark: 
consistent (in large ) 

•meson: different in large  
 detect excited state?

μ

μ

Our results

(S. Hands, P. Sitch and J. I. Skullerud, Phys. Lett. B 662 (2008), 405-412)
Meson Diquark/Antidiquark

Preliminary

Consistency with the previous studies for  channelI = 0, 0−
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• : large overlap with light mode 
 almost NG mode 2pt func. 

• : heavy + light mode  
 not pure Higgs  
(mixing with meson?)

D−

D+

“Higgs” and “NG” 2pt functions

mass vs. μ

Preliminary

• : would-be Higgs( )/NG( ) operators
<latexit sha1_base64="IX8Bhi6LDuPevqSC1KD1VrZLKzc="></latexit>

D± =  ̄1C�5⌧2 ̄
T
2 ±  T

1 C�5⌧2 2 + −

Preliminary Preliminary

[S. Hands, P. Sitch and J. I. Skullerud, 2008]
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•ground state of : same as diquark mass, 
consistent behavior with other lattice results  

•excited states of : discrepancies among all results 
 systematics for fitting? lattice artifact?

D±

D+

Comparison of  with other resultsD±

Our results
(S. Hands, P. Sitch and J. I. Skullerud, 
Phys. Lett. B 662 (2008), 405-412)

Preliminary


