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Probing the hadron mass spectrum in two-color 
dense QCD with the linear sigma model 

Daiki Suenaga (RIKEN Nishina Center)
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phase diagram, eg, Fukushima-Hatsuda (2017)

1. Introduction

Heavy-ion collision
at RHIC, LHC, etc.

mesic nuclei (atom), 
E16 experiment, etc.

- partially chiral restoration, ...

- quark-gluon plasma

...

Beam energy scan (at RHIC)
- Critical point search, …

- chiral restoration

・QCD phase diagram: experimental aspect
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eg, Fukushima-Hatsuda (2017)

1. Introduction

- lattice cannot apply due to the sign problem

Lattice QCD

・QCD phase diagram: lattice QCD aspect

eg, G Aarts (2016) J. Phys.: Conf. Ser. 706 022004frontier of QCD
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・Two-color QCD world
three-color QCD (our world) two-color QCD (imaginary world)

- Lattice QCD at density is not easy

sign problem

- Baryon is made of three quarks - Baryon is made of two quarks

- Lattice QCD at density is possible!
sign problem disappears

↑
pseudo reality of       

nucleon diquark baryon
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1. Introduction
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Pursue understanding of dense three-color QCD matter
- Two-color lattice simulations are valuable numerical experiments of dense QCD

1. Introduction

- Baryon is made of three quarks - Baryon is made of two quarks

nucleon diquark baryon
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・Phase diagram in two-color QCD (=QC2D)

Buividovich-Smith-Smekal (2020)Boz-Cotter-Fister-Mehta-Skullerud (2013)

・・・

- Examples of simulation results of phase diagram in QC2D

- Currently at least four lattice simulation groups are active

- Ireland/UK group (Hands, Skullerud, …)
- UK group (Buividovich, ...)

- Russian group (Bornyakov, ...)
- Japanese group (Iida-san, Itou-san, …)

1. Introduction
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・Lattice results
- In addition to phase diagram, hadron mass spectrum, gluon propagator,
transport coefficient,                     , etc. have been simulated

<latexit sha1_base64="UtUr3BPYeAu2VIHxBLT/+vrcA0U="></latexit>

h ̄ i, h  i, hLi

- (i) Regard QC2D lattice simulations as useful “numerical experiments” 
of dense QCD, and (ii) give interpretation based on effective models 

My approach

My publications on QC2D
Gluon propagator: Suenaga-Kojo(2019), Kojo-Suenaga(2021), CSE effect: Suenaga-Kojo(2021), 
Sound velocity: Kojo-Suenaga(2022), Topological susceptibility: Kawaguchi-Suenaga(2023),
Hadron mass: Suenaga-Murakami-Itou-Iida (2023), Suenaga-Murakami-Itou-Iida (in preparation) 
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Japanese group

1. Introduction



9/29

・Lattice results
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h ̄ i, h  i, hLi

- (i) Regard QC2D lattice simulations as useful “numerical experiments” 
of dense QCD, and (ii) give interpretation based on effective models 

My approach

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>· · ·

Japanese group

This talk

1. Introduction

My publications on QC2D
Gluon propagator: Suenaga-Kojo(2019), Kojo-Suenaga(2021), CSE effect: Suenaga-Kojo(2021), 
Sound velocity: Kojo-Suenaga(2022), Topological susceptibility: Kawaguchi-Suenaga(2023),
Hadron mass: Suenaga-Murakami-Itou-Iida (2023), Suenaga-Murakami-Itou-Iida (in preparation) 
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・Pauli-Gursey SU(4) symmetry
- Pseudo reality of SU(2)c allows us to rewrite QC2D Lagrangian as

2. LSM construction

<latexit sha1_base64="cVRZtEVpPwvdRMFO3/SGgVw6m9k="></latexit>
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�µ = (1,�i)Four-dimensional Pauli matrix:

- is invariant under
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LQC2D
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LQC2D =  ̄i@ � gs ̄A
aT a

c  

Pauli-Gursey SU(4) symmetry

In two-flavor:

- In QC2D, SU(2)L×SU(2)R chiral symmetry is extended to SU(4) symmetry

Pauli (1957), Gursey (1958)

<latexit sha1_base64="ttkkqYcrbsrg+ZifUxLE6ohZMtQ="></latexit>
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Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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・Spin-0 hadron field
- Introduce the following spin- and color-singlet quark bilinear field
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(with normalization of 1/2)

2. LSM construction Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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・Linear sigma model (LSM)

- Advantage of LSM
→ we can see mass relation between parity partners
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parity partner

- (approximately)            -invariant LSM Lagrangian is given by
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2. LSM construction Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

← current-quark mass effect

← chemical potential effect
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・Mean field

3. Hadron mass

: chiral condensate

: diquark condensate
Iida-Itou-Lee (2019)

diquark cond. by lattice

- dependence of       and     , and number density<latexit sha1_base64="ctJhlkGX9KA8nw7FtOXp5X92Xvo="></latexit>�0
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Murakami et al
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2nd order phase transition at
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Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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・Hadron mass
- I take these three inputs
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3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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・Hadron mass
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3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

- I take these three inputs
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・Hadron mass
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- Baryon number violation in superfluid phase
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3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

- I take these three inputs
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・Hadron mass
<latexit sha1_base64="Kc73MffiJblVZhXGp8J7tB7q4OM="></latexit>

largeNc !
<latexit sha1_base64="qpjQmO7B3YnkerRld+HELmkmDic="></latexit>

w/ anom. !

Set (II)Set (II)

① split

① mass spli9ng of             induced by
<latexit sha1_base64="C2WO/PBxkVtwQi7FiUNomTcqzjw="></latexit>

�1

- Baryon number violation in superfluid phase

<latexit sha1_base64="JGHgmacT5T2uTNay8MUsGWF/X7Q="></latexit>

⌘ $ B0 $ B̄0

<latexit sha1_base64="+aJa/km1sWnMdhswxR9Moivjc5E="></latexit>

� $ B $ B̄ mixing (0+) 

mixing (0-) 

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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- I take these three inputs
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② mild suppression

① split

① split

・Hadron mass
<latexit sha1_base64="Kc73MffiJblVZhXGp8J7tB7q4OM="></latexit>
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① mass splitting of            and of 
induced by anomaly

② Anomaly makes the suppression milder
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3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

- I take these three inputs
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・Comparison with lattice -Set (I)-

① zero mode ② suppressed
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① ゼロ質量 ② 押し下げられる

① (approx.) zero mode 

effect of diquark source ② suppressed
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→

degeneracy by mixing

fast transition due to 
diquark source

→
degeneracy by mixing

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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・Comparison with lattice -Set (I)-
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Succeeded in qualitative understanding!

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)
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La9ce QCD (Murakami et al)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘① degeneracy of    and     (← no disc. diagrams)

② mild suppression

My model

w/o anomaly

w/ anomaly

① degeneracy

② mild suppression

・Comparison with lattice ‒focused on anomaly-

<latexit sha1_base64="zPYs4YpFD0tN2Xd2S1tFJ9axn/0="></latexit>⇡, ⌘

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

does not change largely with disc. diagrams
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La9ce QCD (Murakami et al)
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does not change largely with disc. diagrams

② mild suppression

My model

w/o anomaly

w/ anomaly

・Comparison with lattice ‒focused on anomaly-

- At zero density anomaly effect is suppressed,
but at finite density anomaly would be enhanced

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

① degeneracy

② mild suppression
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does not change largely with disc. diagrams

La9ce QCD (Murakami et al)
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<latexit sha1_base64="E6PLDeg0FvmNn+hmUMkd7R5aTZg="></latexit>⌘① degeneracy of    and     (← no disc. diagrams)

② mild suppression

My model

w/o anomaly

w/ anomaly

・Comparison with lattice ‒focused on anomaly-

- At zero density anomaly effect is suppressed,
but at finite density anomaly would be enhanced

FRG analysis with G. Fejos (work in progress)

3. Hadron mass Suenaga-Murakami-Itou-Iida
Phys.Rev.D 107, 054001 (2023)

① degeneracy

② mild suppression

<latexit sha1_base64="zPYs4YpFD0tN2Xd2S1tFJ9axn/0="></latexit>⇡, ⌘



24/29

・LSM with spin-1 hadrons
- Introduce the following            matrix representing spin-1 hadrons                  <latexit sha1_base64="zkX1EYPsfK2UCvb39xmXVrdD+D0="></latexit>

4⇥ 4

spin-1 mesons spin-1 diquarks

<latexit sha1_base64="dw9rYrvKe2iD67Nd040OUMZ/MyM="></latexit>

ij

<latexit sha1_base64="2xSdoKNd64BcppkIhZH7heCy+7I="></latexit>

�µ
ij ⇠  

†
j�

µ i

4. LSM with spin-1 Suenaga-Murakami-Itou-Iida,
in preparation
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・LSM with spin-1 hadrons

and

4. LSM with spin-1 Suenaga-Murakami-Itou-Iida,
in preparation

- transforms as 
<latexit sha1_base64="6p7t434hriX8eYejBngi5uxiXk8="></latexit>

�µ ! g�µg† [g 2 SU(4)]
cf, eLSM by Frankfurt group
↔ HLS, Harada-Nonaka-Yamaoka(2010)

<latexit sha1_base64="zwqK7L7/ub2jMX4PdjkYpdci1Bk=">AAACa3ichVG7SgNBFD1ZXzE+Ek0jaiGGiFWYSFCxCtpY5mE0YFR21zEZsi92N4EY/AFLG4vYKIiIn2HjD1jkE0SsIthYeLNZEBX1LrNz5sw9d87cUSxNOC5j7YDU1z8wOBQcDo2Mjo2HIxOT245Zs1VeUE3NtIuK7HBNGLzgClfjRcvmsq5ofEepbnT3d+rcdoRpbLkNi+/pctkQR0KVXaKKpUxF7Jf02kEkxhLMi7mfIOmDGPzImJEblHAIEypq0MFhwCWsQYZD3y6SYLCI20OTOJuQ8PY5ThAibY2yOGXIxFbpX6bVrs8atO7WdDy1SqdoNGxSziHOHtkt67AHdsee2PuvtZpeja6XBs1KT8utg/DpVP7tX5VOs4vKp+pPzy6OsOp5FeTd8pjuLdSevn583smv5eLNBXbFnsn/JWuze7qBUX9Vr7M810KIHiD5vd0/wfZSIrmcSGVTs fS6/xRBzGAei9TvFaSxiQwKXp/P0MJF4EWKStPSbC9VCviaKL6EFP8AS7yM6A==</latexit>

�µ
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・LSM with spin-1 hadrons
- transforms as 

<latexit sha1_base64="6p7t434hriX8eYejBngi5uxiXk8="></latexit>

�µ ! g�µg† [g 2 SU(4)]

and

cf, eLSM by Frankfurt group
↔ HLS, Harada-Nonaka-Yamaoka(2010)

- There are four possible mean fields

0.0 0.5 1.0 1.5 2.0
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μq /mπ
(H)

M
ea
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fie
ld
s

<latexit sha1_base64="yt9cz+58c1wC5YbtrVhmynn+49g="></latexit>/ µq

<latexit sha1_base64="d2BLP5GVhUGFlRVe9d7Uwk0yQtU="></latexit>

�/�vac
0

<latexit sha1_base64="BARMgnDKli0LlEGSCnKy2jC7Sps="></latexit>

�0/�
vac
0

<latexit sha1_base64="WvAewHghqlseVoZr5Pd7F6AoLMA="></latexit>

!̄/�vac
0

<latexit sha1_base64="hOLXFr1af/X2Ls09oZag3O13lx4="></latexit>

V̄ /�vac
0

constant

<latexit sha1_base64="ndbjcOgkjt9b1WcIOz5qNSofKFs="></latexit>

µq/m
vac
⇡

<latexit sha1_base64="DiJbTpaHQChA51kqORjEjSAbpe0="></latexit>

�0 = h�i
<latexit sha1_base64="LjyXZ+/X9viCwyJU0Xw2N2TKsow="></latexit>

� =

⌧
B + B̄p

2

� <latexit sha1_base64="41c2Hrx/5SYp9bSLEzFuZTuWnKE="></latexit>

V̄ =

*
B̄µ=0

AS �Bµ=0
ASp

2i

+

<latexit sha1_base64="USpJ1nzTconYPNa8Qi7z1wwhdik="></latexit>

!̄ = h!µ=0i

Example of      dep. of mean fields<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

4. LSM with spin-1 Suenaga-Murakami-Itou-Iida,
in preparation

<latexit sha1_base64="zwqK7L7/ub2jMX4PdjkYpdci1Bk=">AAACa3ichVG7SgNBFD1ZXzE+Ek0jaiGGiFWYSFCxCtpY5mE0YFR21zEZsi92N4EY/AFLG4vYKIiIn2HjD1jkE0SsIthYeLNZEBX1LrNz5sw9d87cUSxNOC5j7YDU1z8wOBQcDo2Mjo2HIxOT245Zs1VeUE3NtIuK7HBNGLzgClfjRcvmsq5ofEepbnT3d+rcdoRpbLkNi+/pctkQR0KVXaKKpUxF7Jf02kEkxhLMi7mfIOmDGPzImJEblHAIEypq0MFhwCWsQYZD3y6SYLCI20OTOJuQ8PY5ThAibY2yOGXIxFbpX6bVrs8atO7WdDy1SqdoNGxSziHOHtkt67AHdsee2PuvtZpeja6XBs1KT8utg/DpVP7tX5VOs4vKp+pPzy6OsOp5FeTd8pjuLdSevn583smv5eLNBXbFnsn/JWuze7qBUX9Vr7M810KIHiD5vd0/wfZSIrmcSGVTs fS6/xRBzGAei9TvFaSxiQwKXp/P0MJF4EWKStPSbC9VCviaKL6EFP8AS7yM6A==</latexit>

�µ
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<latexit sha1_base64="yt9cz+58c1wC5YbtrVhmynn+49g="></latexit>/ µq

<latexit sha1_base64="d2BLP5GVhUGFlRVe9d7Uwk0yQtU="></latexit>

�/�vac
0

<latexit sha1_base64="BARMgnDKli0LlEGSCnKy2jC7Sps="></latexit>

�0/�
vac
0

<latexit sha1_base64="WvAewHghqlseVoZr5Pd7F6AoLMA="></latexit>

!̄/�vac
0

<latexit sha1_base64="hOLXFr1af/X2Ls09oZag3O13lx4="></latexit>

V̄ /�vac
0

constant

<latexit sha1_base64="ndbjcOgkjt9b1WcIOz5qNSofKFs="></latexit>

µq/m
vac
⇡

Example of      dep. of mean fields<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

・LSM with spin-1 hadrons

and

- There are four possible mean fields
<latexit sha1_base64="DiJbTpaHQChA51kqORjEjSAbpe0="></latexit>

�0 = h�i
<latexit sha1_base64="LjyXZ+/X9viCwyJU0Xw2N2TKsow="></latexit>

� =

⌧
B + B̄p

2

� <latexit sha1_base64="41c2Hrx/5SYp9bSLEzFuZTuWnKE="></latexit>

V̄ =

*
B̄µ=0

AS �Bµ=0
ASp

2i

+

<latexit sha1_base64="USpJ1nzTconYPNa8Qi7z1wwhdik="></latexit>

!̄ = h!µ=0i

- Without     and    , critical      does not read<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

<latexit sha1_base64="mTqpeBEgZDJPSOJPOcSy3BEcIQU="></latexit>

mvac
⇡

2

<latexit sha1_base64="KmtYgqs8sea214gLaiT+WO+C9iM="></latexit>

!̄
<latexit sha1_base64="R19nvNp581srkCyQI8LUz5Ujxys="></latexit>

V̄

4. LSM with spin-1 Suenaga-Murakami-Itou-Iida,
in preparation

- transforms as 
<latexit sha1_base64="6p7t434hriX8eYejBngi5uxiXk8="></latexit>

�µ ! g�µg† [g 2 SU(4)]
cf, eLSM by Frankfurt group
↔ HLS, Harada-Nonaka-Yamaoka(2010)

<latexit sha1_base64="zwqK7L7/ub2jMX4PdjkYpdci1Bk=">AAACa3ichVG7SgNBFD1ZXzE+Ek0jaiGGiFWYSFCxCtpY5mE0YFR21zEZsi92N4EY/AFLG4vYKIiIn2HjD1jkE0SsIthYeLNZEBX1LrNz5sw9d87cUSxNOC5j7YDU1z8wOBQcDo2Mjo2HIxOT245Zs1VeUE3NtIuK7HBNGLzgClfjRcvmsq5ofEepbnT3d+rcdoRpbLkNi+/pctkQR0KVXaKKpUxF7Jf02kEkxhLMi7mfIOmDGPzImJEblHAIEypq0MFhwCWsQYZD3y6SYLCI20OTOJuQ8PY5ThAibY2yOGXIxFbpX6bVrs8atO7WdDy1SqdoNGxSziHOHtkt67AHdsee2PuvtZpeja6XBs1KT8utg/DpVP7tX5VOs4vKp+pPzy6OsOp5FeTd8pjuLdSevn583smv5eLNBXbFnsn/JWuze7qBUX9Vr7M810KIHiD5vd0/wfZSIrmcSGVTs fS6/xRBzGAei9TvFaSxiQwKXp/P0MJF4EWKStPSbC9VCviaKL6EFP8AS7yM6A==</latexit>

�µ
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・Spin-1 mass spectrum <latexit sha1_base64="1k0SSuQO8VOqKwEav63HyLgToGM="></latexit>

C ~ mixing strength between spin-0 and spin-1 hadrons
<latexit sha1_base64="DAawZmyXiAcQz5vbRkD6dC8s34w="></latexit>g� ~ coupling strength among spin-1 hadrons

4. LSM with spin-1 Suenaga-Murakami-Itou-Iida,
in preparation
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<latexit sha1_base64="Ls3riMxSB6PIZvgkgSPZ0PfjB7A="></latexit>

zero point

<latexit sha1_base64="qAPE0c5z8zJRu31rpqCMfaq8TXI="></latexit>

g� = 5, C = 12

axialvector condensed phase

<latexit sha1_base64="wsPm4PaA8dDRYmxettQN0oFI/KU="></latexit>

a1, BS , B̄S mix

<latexit sha1_base64="yElV39273GDvCfz5CN+40q69joE="></latexit>

f1

<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>a1

<latexit sha1_base64="8mb4ZrlwhEt5oRZO2jp2bLazt5I="></latexit>

BS
<latexit sha1_base64="canBBODg0eSal9pWNyaQgfINfGc="></latexit>

B̄S
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<latexit sha1_base64="WfJmpo1FR6pKAvVlvAQXDBA3Uxg="></latexit>⇢
<latexit sha1_base64="HxgV3ehCfNHQra0Uixa6+ElJEu8="></latexit>

BAS
<latexit sha1_base64="Y7OvuOA8g+ZPMVbl7Hy6EnLQeW8="></latexit>

B̄AS
<latexit sha1_base64="Fx1zDgNX/J1nTFPDj+m/8hKsruo="></latexit>!

<latexit sha1_base64="7tTWUAUqJ0+HhW2AxJF4PKi94uI="></latexit>

!, BAS , B̄AS mix

<latexit sha1_base64="qAPE0c5z8zJRu31rpqCMfaq8TXI="></latexit>

g� = 5, C = 12

axialvector condensed phase
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<latexit sha1_base64="wsPm4PaA8dDRYmxettQN0oFI/KU="></latexit>

a1, BS , B̄S mix

<latexit sha1_base64="yElV39273GDvCfz5CN+40q69joE="></latexit>

f1

<latexit sha1_base64="xdJpdzTppsOq9FO3wm9BtS9GiT4="></latexit>a1

<latexit sha1_base64="8mb4ZrlwhEt5oRZO2jp2bLazt5I="></latexit>

BS
<latexit sha1_base64="canBBODg0eSal9pWNyaQgfINfGc="></latexit>

B̄S

<latexit sha1_base64="lTX5ymVGgs43I+LLnQA2iMSiZWA="></latexit>

g� = 10, C = 12
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<latexit sha1_base64="WfJmpo1FR6pKAvVlvAQXDBA3Uxg="></latexit>⇢
<latexit sha1_base64="HxgV3ehCfNHQra0Uixa6+ElJEu8="></latexit>

BAS
<latexit sha1_base64="Y7OvuOA8g+ZPMVbl7Hy6EnLQeW8="></latexit>

B̄AS
<latexit sha1_base64="Fx1zDgNX/J1nTFPDj+m/8hKsruo="></latexit>!

<latexit sha1_base64="7tTWUAUqJ0+HhW2AxJF4PKi94uI="></latexit>

!, BAS , B̄AS mix

<latexit sha1_base64="lTX5ymVGgs43I+LLnQA2iMSiZWA="></latexit>

g� = 10, C = 12
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- I constructed Linear sigma model (LSM) in QC2D and studied masses of
spin-0 hadrons including parity partners at finite

comparison with lattice Murakami-Suenaga-Iida-Itou, PoS(2022)

<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

WIP with Fejos (Eotvos U.)

- The U(1)A was found to be possibly enhanced at large <latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

↔ Need accurate information of      and        to evaluate the anomaly 
enhancement more quantitatively

<latexit sha1_base64="uXmnZ0WU8PMRAC5H8SUOjtzacyI="></latexit>

f⇡
<latexit sha1_base64="k36aHMXu2iVazKtnmZ8T//fU4JM="></latexit>m⌘

- Extension of LSM to study spin-1 mass spectrum at finite

Ongoing project
<latexit sha1_base64="E2nmX2q/5mdp86ZxUWZAO8kSqB4="></latexit>µq

→ importance of vector-diquark mean field, possible (axial)vector condensate, etc. 
Suenaga et al, in preparation

- Examination of anomaly-effect enhancement with FRG

5. Conclusions

cf, topological susceptibility, Kawaguchi-Suenaga, JHEP(2023)


