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1. Odd Even Shape staggering | Charge Radii of Hg isoiopes In ISOLDE

NATURE PHYSICS
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Fig. 1| An overview of the in-source resonance ionization spectroscopy study of radiogenic mercury isotopes. a, Mercury isotopes are produced by
praton-induced nuclear reactions in a molten lead target. The vapour effuses into the anode volume of the VADLIS ion source”, where the atoms are
ionized using a three-step resonance photo-ionization scheme (inset). The ions are extracted as a mono-energetic beam at 30 keV. The isotope of
interest is selected using the general-purpose mass separator (GPS) and directed towards the most appropriate of the three detection systems shown
(see Methods). b, By scanning the laser wavelength of the spectroscopic transition (in this case the first step), the isotope shift (IS) and hyperfine
structure (HFS) are examined. The isotope shifts are used to calculate the changes in mean-square charge radii 8{r*) with respeg  7=198 along
the isotopic chert results of this study appear as filled red circles (ground states, gs) or open red circles (isomeric states, P*Hg are new
measuremenm“"‘sng were re-measured and the data points overlap with those of the literature values (blue circles), as can also be seen by
the close agreement between values in Table 1. The error bars correspond to the standayiation of measurements. Additional scaling uncertainties

(not shown) arise from the indeterminacy of the F factor (7%; see ref. ¥) and the specifjc ss shift, Mq,,.. These are provided in Table 1. The additional
continuous black line illustrates the previously meadurébgiiasidspbericabtrénd of theléaé@inuclei®. Sketched insets, representative of the shapes of *°Hg 3
and "¥'Hg with a deformation parameter {f.?}"?=0.174 and 0.313 respectively, are provided.



1. Odd Even Shape staggering Charge Radii

iIsotopes
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FIG. 2. Changes in the mean-square charge radii for
Bi (downward triangles, present work; upward triangles,
Refs. [27,55.56]), Pb (leftward triangles, Refs. [5.57.58]), and
Hg (squares, Refs. [10-12]) isotopes. Full and hollow symboles
label the gs’s and isomers, respectively. Data for each chain are
shifted along the ¥ axis to improve visibility. Red dashed line
connects the data for the even-N 9/27 Bi gs’s to demonstrate
deviation from the Pb trend.
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FIG. 3. HFB PESs obtained by blocking the first 9/27 gp in
odd-A bismuth isotopes (solid lines), 10~ in even-A ones (dashed
lines), and 1% in "**Bi (squares). Ey is the minimal energy of the
corresponding PES. For each PES, at least one of the minima has
a magnetic moment compatible with experimental data. For 9/2~
and 107 states it is a minimum at § =~ —0.07, whereas for 17 state
in '"Bi it is a minimum at f = +0.28. 4



1. Odd Even Shape staggering [Charge Radii of Gold (Au) Isotopes

PHYSICAL REVIEW LETTERS 131, 202501 (2023)
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FIG. 2. Comparison between experimental Sty o values (@) for
eold 1sotopes with HFB calculations without (m) and with (a4) CM in-
cluded. The filled symbols connected by lines indicate ground states,
whilst the hollow symbols represent the isomers in '™ Au and the
high-spin state in "™ Au. The 11/2° isomers have been excluded for
clarity. The vertical, blue, dashed line represents the N = 104 mid-
shell. 5



1. Kink structure Kink structure in Pb and Hg isotopes
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1. Kink Structure Kink structures in Sn and K isotopes
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Nuclear charge radius R

Indeed, charge radii reflect various nuclear structure phenomena such as halo
structures, shape staggering and shape coexistence, pairing correlations, neutron
skins and the occurrence of nuclear magic numbers.

The remarkably abrupt changes in charge radii arfe observed naturally across the
neutron-closure shells, namely the kinks at N = 20, 28, 50,/82, 126 [1x4].
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1. Kink Structure Kink structures of other nuclei

Relative differences by two-point and three-point
of mean sqguare radii and binding energies of light nuclei around-N-=28-and-32
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1. Odd Even Shape staggering [Brief Summary of OES staggering and Kink

A Brief summary

Thanks to the recent development of the laser spectroscopy, MR ToP
and RI accelerator facilities (and electron scattering) in the world

1. OES in Hg and Au isotopes turns out to be significant compared to any other nuclei
, for example, Pb isotopes. How to understand it ?

2. Kink structures appear above any magic shell in light and heavy nuclear isotopes.
How to interpret this behavior ?

3. We need a more refined nuclear model, which needs to explain main properties of

the whole nuclei in the nuclear chart by including the relativistic description,
deformation, continuum, driplines etc. and also proper description of odd nuclei.

2222222222222222222222222
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2. Theoretical Approaches DRHBc (Relativistic MF approach with point coupling)

Theoretical framework for DRHBc

» We start from the following point-coupling Lagrangian density!
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2. Theoretical Approaches

2
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where M is the nucleon mass, ¢ is the proton charge, and 4, and . are the four-
vector potential and field tensor of the electromagnetic field, respectively. The
coupling constant «; for four-fermion terms is specified by superscripts (: = 5. 17
and 1) which stand for the scalar, vector, and isovector channels, respectively.
The higher-order terms are specified by 5; and -;, while §; refers to gradient
terms. The isovector-scalar channels, opg and d¢g. are neglected in the DRHBe approach

[22]. The EDF is derived in terms of nucleon scalar density, p. (r) = Z" ()i (r), and

=17t
IS and IV currents j,(r) = 20 di(r)yi(r), and 7, (r) = 370 ihu(r) Py, 0(r) as follows
(17, 41]
- 1 1
Epuelt, 0, A4 = ) f d'ryf (e p ot BM)Y; = 5(V - A+ 5¢ f drjr A,
i=1

+ f d"'r[§(asﬁ§ + ooy J g+ ey gt ) + 7{.55.0': i+ 17-3:)3
1

. 1. . ) 1. = - .
59sp0ps + 50v i Dju + Sbrvs*- Oj] - (2]

1 oy
+1’?v(.!“.!p)2 +

The present calculations are carried out by solving the HB equation with the density

functional PC-PK1 [47], which reads [41]

o hp(r, ') — Ar Alr, ') Ui (r) (r)
/d.ﬁr.r o / \ ] o k) - E, (7] ) [gl

. A" hp (e e’y 4+ Asg® - g Vilr) Vi(r)
where ), is the Fermi energy (7 = n/p) for neutrons or protons. FE; and (I, ;)" are

the quasiparticle energy and quasiparticle wave function. In coordinate space, the Dirac
h. H

Hamiltonian hp is given by

ho(r. ') =[a-p+ V(r)+ 8(M + S(r)d(r, v, (4)

DRHBc (Relafivistic MF approach with point coupling)

T . . 1 T - 1 - . - . 1 T . - .
£ = P(indy — M)y = 50, (V) (00) — gav () (1Y) — sary (VT0) (¥T7*)

where M is the nucleon mass, and V(r) and S(r) are the vector and scalar potentials,

respectively, given by

Lo
ey
k!
e
Il

asps + Bspz + vsps + dsAps | (5)

Vir) = avpy + v ﬂ::- + dvApy + eA” + Ay Tafs + Ay Tadps

with the following densities represented in terms of the quasiparticle wave functions

as follows

ps(r) =D Vilr)Vilr) . pu(r) =Y VilmvaVilr) o ps(r) =D Vilr)hwomVil(r).  (6)

L= fez=il fez=0d

The paring potential A(r, r') is given by the following gap equation in terms of the pairing
tensor k(r,r’) [30]

Alr.r ) =VP(r. e k(r.r) |, klr.r) (=< |agap| >) = Z Vi (r) Ul ('), (7)

k=0
where we did not write explicity the sum on the spin degree of freedom and the upper

and lower components of Dirac spinors. The DRHBc approach uses a densitv-dependent

Zero-range f(}l"C(}
V() = 21 - Pt )1 - 22 ®
Psat

where pg is the nuclear saturation density, 14 is the pairing strength, and (1 — P,)/2 is the
projector for the spin-singlet, § = () component in the pairing channel. Then the pairing
potential and pairing tensor of Eq. (7) become local quantities [30],
Alr) = Vol = p(r)/paa)slr) . wlr) =Y Vi (r)Ui(r) 9)
k=0
because of the zero-range and spin-singlet properties of the pairing force in Eq. (8). For the
non-local and spin-triplet (isoscalar) interactions, one needs a more careful treatment of phe

pairing potential and pairing tensor [41].



2. Theoretical Approaches DRHBc (Relafivistic MF approach with point coupling)

Contents lists available at ScienceDirect
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3. OE Shape Staggering Results [ Total Binding Energy in Hg, Au and Pb isotopes
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{Color online) PECs (a)((b)), BE/A (c)((d)) Au (Pb) isotopes determined by DRHBc

calculations without (red circles) and with (blue triangles) rotational correction FEy.. They are

compared with available experimental data taken from Ref. [101]. The numbers in parentheses

stand for average rms deviation in MeV to the data [101]. The relative difference between

17

the experimental TBE data and the DRHBec calculations are enlarged in the panel (e)

and (). respectivelv. for Au and Pb isutolg;es -



3. OE Shape Staggering Results [Potential Energy Curve Evolution with Defor. for
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model (a). Total binding energies (TBEs) of some Hg isotopes (A = 179 - 189) in the prolate
region (b). All of the Hg isotopes in this mass region show a possibility of the shape coexistence

whose energy differences are within 1 MeV maximally although exact calculations provide prolate
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of Pb isotopes

186Pb and Rotational Band and Pairing

In Fig. 3, we provide the results for some specific nuclei, *+'*Ph, which discloses the
possibility of the shape coexistence [52]. Similar evolution pattern to the results in the

spherical and oblate cases in Fig. 1 and 2 are also found for the mean field energy, pairing

i . | 1 . | ) g | - Ll 1

(b) in Fig. 3 shows the larger pairing energy in the prolate region (see their absolute vale
of the red solid curves) than that in the oblate region, which means the lower moment of

inertia by the pairing energy, and consequently the larger energy gap in the rotational

banding structures is expected. This is quite consistent with the experimental data [6].
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3. OE Shape Staggering Results [Nuclear Shape Iransifion of

Blue points are obtained by DRHBc
w/o considering shape coexistence !

=>We could not explain the OES data
as well as small charge radii !!
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the shape coexistence,
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a5 100 105 1o 115 120 125 130

we obtained the red points by oblate deformation!! Neutron number ! e e

— Can explain small charge radii !!

But still, we cannot explain the OES
data of 181,183 and 185 of Hg.

However, remember the oblate minima of
181,183,185 of Hg are 2"d local minima.
We have to take prolate deformation.

Then the OES (blue stars) can be
explained clearly.

d< 2>t = 2 p2A) > - < rHA) > = r(A) = 2 (A)

FIG. 4: (Color online) Charge radii (a) and relative changes of mean square charge radii
s r2 S (b) of Hg isotopes with N = 97-128. Results denoted in a blue color are obtained
by prolate shapes calculated by the DRHBc mass model. Red colors in the region are calculated
by oblate deformation considering the shape coexistence presented in Figs.1 and 2. Blue stars for
181,183,185 o with N = 101,103 and 105 denote the results by the prolate deformation, which means
that we do not take the shape coexistence for these three nuclei. The OES clearly appear along with
the deformation, oblate(o)-prolate(p)-o-p-o-p-0-0-0 deformation, for N = 100 to N =108. Black
boxes (left) for charge radii stand for the experimental data from ADND data [55] and black stars

(right) for relative changes of mean square charge radii are from Ref. [4].
LEES2024, Oct.28-Nov. 1 2024
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3. OE Shape Staggering Results [Nuclear Shape Iransifion of
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FIG. 3. (Color online) Relative changes of mean square charge radii 6< r2 > ® of Hg isotopes.

Black boxes stand for the data [13]. Results of N>110 (N<109) (blue color) are obtained by OD

(PD) shapes. Red colors are calculated by OD considering the SC taken from Fig.1. Blue stars
for 18L183.185He denote the results by the PD obtained w/o SC. The upper contours illustrate
the neutron (left half) and proton (right half) prolate shapes of ¥1:183:185He by their density

distributions. The lower contours illustrate oblate shapes of 8%181Hg.

Myeong-Hwan Mun, Seonghyun Kim, Myung-Ki Cheoun, W.Y. So, Soonchul Choi et al., Phys. Lett.B 847 (2023) 138298
LEES2024, Oct.28-Nov. 1 2024 22



3. OE Shape Staggering Results [Potential Energy Curve Evolution with Defor. for

Nuclear shape transition of Au and
no transition in Pb
by DRHBc
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FIG. T: (Color online) The relative changes of mean square charge radii i< % > .

(6= r? ‘“;-"1'2“5] (a) ((c)) and charge radii (c) ((d)) for Au isotopes with N = 06 ~ 121
(for Pb isotopes with N = 100 ~ 132). For Au, the results denoted in blue triangles
are obtained by prolate shapes calculated by the DRHBe theory and red circles in the region
are calculated by oblate deformation considering the shape coexistence presented in Fig. 3 and
Fig. 4. Considering the shape coexistence, the odd-even shape staggering of charge radii and the
abrupt change of charge radii are perspicnously visible for '"®Au isotope and provides a reasonable
description. For Pb (100 < N < 117), the red data result from the spherical shape
coexistence. Black boxes for relative changes of mean square charge radii of Au and Pb are taken
from experimental data [7, 35, 110-112, 114]. The numbers in parentheses stand for average

rms deviation to the experimental data.
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3. OE Shape Staggering Results [Nuclear Shape Iransifion of by other DFT

Nuclear shape transition of Hg isotopes by Skyrme and Fayans DFTs s.50[ Bt datn e soopes nground s
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3. OE Shape Staggering Results | Shape Transition of isotopes

OP of Proton (neutron) h9/2 increases (decreases)

, which increases the charge radii !

Similarly to the OES in Hg case
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3. OE Shape Staggering Results [Why Nuclear Shape Transition in

‘ Even-odd Prolate 181Hg Even-even Oblate
180Hg

neutron neutron

neutron neutI’OI’]

+protor +proton

If we add one neutron to e-e nucleus 180Hg, the OC of ni13/2 increases and n1h9/2 decreases in 181Hg.
The increase of charge radii of 181Hg is due to the increase of p1h9/2 shell OC.
The OES perhaps come from the tensor interaction ??
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3. Kink Structure Results Kink structure around N = 126 shell for Hg isotopes
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3. Kink Structure Results How to understand the Kink
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If we add one neutron to e-e nucleus 208Pb, >
the OC of ni11/2 and n2g9/2 increase 209Pb, =
but no change of proton OC g9/2 and i11/2. 5
The increase of charge radii of 209Pb is due to . .
the increase of neutron side and attract the proton radius. ¢ [fm]
. . . FIG. 4. (Color online) Symmetry energy density distribution g(r) = 47r?Hym in "Pb (upper
The Klnk perhaps Come from the tensor InteraCtlon panel) and *Sn (lower pya.nelj :bta.ine:i; by thetHF(d;he; lin:; and HFB (solid line) ca]cu]::t}i)on
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4. More Corrections CM corrections and AMM effects on Chare Radius

Effects of center-of-mass correction and nucleon anomalous magnetic

moments on nuclear charge radii

Yusuke Tanimura®©"? and Myung-Ki Cheoun

II. MODEL

A. Relativistic Hartree-Bogoliubov model

We employ an RHB model with DD-ME2 parameter
set [50] for the ph channel and Gogny DIS interaction [51,52]
for the pp channel. A remark on DD-ME2 is in or-
der: the parameter fit to charge radii was made by ry, =
V(r?) ), + (0.8 fm)?, where (r?), is the mean-squared (MS)
radius of point-proton density distribution, and (0.8 fm)? is
a correction for the charge radius of the proton itself, with
BCS calculations instead of Hartree-Bogoliubov. The CM
correction and anomalous magnetic coupling described in the
following subsections were not considered. See Refs. [50,53—
59] for details of the RHB model and the DD-ME2 parameter
set. We impose the spherical symmetry and solve the RHB
equations in the radial coordinate space.

1

Contribution of nucleon anomalous magnetic moment
to charge density

EM current density operator
N = ih »
Jl0',0) = 90') | L@ + Bx(@)5 = Quo* | ()
F1(Q2) = FI{O) =4, Fz{QZ) = Fz{o) =K

() = @I 0(@) + om0, (20 (),

2m

Mean-field approximation
. h - .
peh = {igm) = D_ Vada¥lta + Y vikag —V - (Yaiatha) = pp + pi

Mean-square charge radius

(P)en = 5 [ Plopr) + pur)] + 02 + 5 (02

= (P (e + () + 2 02)

LEES2024, Oct.28-Nov. 1 2024

Q=p-p (BHIZDEEE)

Fi(0)=q
2[F,(0)+F,(0)] = g = 2(g+«)

g=1,k=1793forp
g=0,k=-1.913 for n

Y, single-particle wfn
v,2: occupation probability

Finite size of nucleon
<r?,>=0.8409(4)* fm?
<r? > = -0.1155(17) fm?

https://pdglive.lbl.gov/
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4. More Corrections CM corrections and AMM effects on Chare Radius

Neutron
N 2
squared radius )

n,corr Z(T’i - RG)2

()4 (&) ()

=N [<T2> +&LCMI} n gglcmz)]

(5

1- and 2-body parts of the CM correction:

2 1 TM1 & TM2, Sugahara and Toki, NPA579, 557 (1994).
CM1 2 2
ACMD) — _ i (r?), + Y (r?), PK1 & PKDD, Long et al., PRC69, 034319 (2004).
1
CM2 2,2 2 2,2 2
AN =+ ~NA > (VAVE — uavarpvs) [{alr|B)° — D (v20F — uavaugvp) [(alr|B)]
afFEn afJEp

Z
£ A(CM2)
+ N om

Note that AASM) — NyACM) | 7 A (CMi)
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YUSUKE TANIMURA AND MYUNG-KI CHEOUN PHYSICAL REVIEW C 109, 054323 (2024)
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FIG. 1. Contributions of each correction term to the MS charge radius for (a) He, (b) C, (c) O, (d) Ca, (e) Ni, (f) Zr, (g) Sn, and (h) Pb
isotopes. Magenta triangles, the anomalous magnetic contribution (r*), ; sky-blue and purple squares, the one- and two-body CM corrections,
AIPMD and APME respectively; black dots, the total correction (r?), + AITMD 4 AIPMD The gray bands show the size of experimental
uncertainty A(r)y, € [(ry, — dry,)* — 15 @ (g + 8y, ) — 13 ), with ry, and 8ry, being the measured value of the charge radius and the
associated error, respectively. The data for 30N are taken from Ref. [3], data for S8=T0Ni are taken from Ref. [4], and data for the others
are taken from Refs. [1,2]. The vertical lines are drawn at N = 2, 8, 20, 28, 40, 50, 82, and 126.
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Summary and Conclusion

1.
2.

3.
4,

5.

~N o

9.

Our findings highlight the significance of SC in understanding the OES observed in the Hg isotopes.
Taking into account OD for most Hg isotopes, except for 181,183,185Hg,

by the shape coexistence is crucial for explaining the OES phenomenon.

But these three (prolate-shaped) odd nuclei are excluded from the SC and exhibit larger charge radii.

It may indicate that the OES can serve as a useful tool for identifying the SC in Hg isotopes, or vice versa.

The nuclear shape transition and the evolution of OP by the additional neutron in the range of 180-186Hg
isotopes is essential for understanding the prominent OES observed in the Hg isotopes. The OES of Au
has been calculated by DRHBc and reproduce the OES data.

Furthermore, the DFT models like DRHBc model successfully reproduces the kink structure observed around th
This kink structure arises from the increase in the OPs of i_{11/2} and 2 g_{9/2} states

beyond the magic shell, influenced by the multi-particle and multi-hole interactions.

This swelling effect of symmetric core pushes the proton states to the outer nuclear surface

by the symmetry energy residing on the symmetric core surface.

The second order CM correction may cancel the 15t order CM correction, so that the SO effect from ANM
moment becomes meaningful.

10. It would be interesting to further investigate the OES and the kink structures of charge radii and matter radii

in Ca, K, and Pb isotopes in the vicinity of each magic shell using the DFT models in future studies.
LEES2024, OcT.28-Nov. 1 2024 35
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Remarks and Conclusion

1. Other corrections, such as CM correction and ANM contribution are also the remained quantities
in the charge radii study.

2. Charge symmetry breaking is another interesting topic which affects the charge radii and/or
the density distribution in nuclei. (Y. Tanimura Talk)

3. Matter effects, such as effective masses, symmetry energy and equation of state, are to be discussed in
detail in the future.

4. Along this line, the study of NST in the experiment (LEES) could give valuable information for
charge radii study of unstable nuclei.

5. Laser spectroscopy for the isotope shift from the hyperfine interaction and LEE scattering could
complement the charge radii and density distribution (proton as well as neutron density) study.

(Xiaofel Yang Talk and LEE scattering talks)
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