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Status of lattice QCD determination of
hucleon form factors at the physical point
and its challenge for the proton charge radius
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Nucleon structure

« Proton radius puzzle (electron-nucleon scattering)
m) Electric/magnetic form factor (rms radius)
« Precise knowledge of neutrino-nucleon scattering

m) Axial-vector from factor (axial charge & axial radius)

An important opportunity to develop our understanding of

nucleon structure using lattice QCD simulations




Our Physics Targets

Nucleon structure = properties of single nucleon

v Nucleon matrix elements

Vector PV (q)lp) =a(®) [7“F1 (q°) +io"” 2(]]\”4 Fz(éf)] u(p) weak and elemag
W +p)rGr(e?) - 47\22 Gu(a®) | . @ )
=u() |~ " ot =G (a7) | ul(p)

4M?2

Axial-vector (p'|A*(q)lp) = a(@’) [Y*1sFa(q?) + ig*ys Fr(a?)] u(p) only weak

Two nucleon matrix elements can be described in terms of
four types of nucleon elastic form factors

GE(q2)7 GM(q2)7 FA(q2)7 Fp(qz)



Our Physics Targets

Nucleon structure = properties of single nucleon

v Nucleon matrix elements

Vector P'IV*(q)lp) =u(®") [v“lﬂ (¢%) + ot 261]\”4 Fz((f)] u(p) weak and elemag
@+ Ge(d?) - e G (d) uw Qv 2
=) | "5 s ot =G (a7) | ul(p)

Axial-vector (p'|A*(q)|p) = u(p’) ['7“7 +ig*ys Fp(q*)] u(p) only weak

2

axial form factor: Fa(q¢®) = Fa(0) (1 = %('r2>A + (’)(q4)) Fa(0) =ga

axial rms radius: /(%) = 0.67(1) fm < /(r%)p =0.84 —0.88 fm

— Precise knowledge of neutrino-nucleon scattering
— Search for v u— veoscillation at NOVA and T2K



Our Physics Targets

Nucleon structure = properties of single nucleon

v Nucleon matrix elements

Vector P'IV*(q)lp) =u(p’) [7“F1(q2> + iot” QQJ\Z Fz(QQ)] u(p) weak and elemag
o [0 ) CGel@®) - Gl
=) | "5 " ot =G (a7) | ul(p)

AN
Axial-vector (p'|4*(q)lp) =a(p’) [vY*5Fa(q?) + igtvs Fr(g?)] u(p) only weak

= Five basic quantities: g4 = Fa(0), = Gu(0),Genm(q’) = Grau(0) (1 - %T%,Mff + 0(614))

axial charge (ga), magnetic moment (u ), charge radius (re), magnetic

radius (rm), axial radius (ra)
R. Tsuji et al., PRD109 (2024) 094505



Lattice Quantum Chromodynamics

- ® Fields defined on discrete space-time

= introduce cutoff in a gauge-invariant way 1 \ \\ o == ﬂ/
" T \ 10, J;'-ﬁ'w/ ~
[f’u (n) — ezagAu (n) - & \ ‘\u.é;_

(30

_uclldean space : Imaginary time T

* Path integral quantization

= compute the quantum expectation value of a physical
observable using a Monte Carlo method

/D /D O(U, 1, ) e~ Sacp (Ut ,)

Lattice QCD action



Uncertainties in lattice QCD '

Stati'stical uncertainties (Monte Carlo I\/I_ethod)

(0) ~ (O} +6(0)x

N
%Z {URY: 80y = 4 L=k
= .
Four main systematic uncertainties
Quark vacuum polarization : the number of dynamical quarks (NT)
.~ Finite lattice spacing (a) : regularization of UV divergence: A~1/a
Finite volume (L) : finite number of lattice grids: (Ns)3 x Nt =13 x T

Chiral (quark mass) extrapolation to the physical point: M«

Limited by the size of computing resources  ; \\7\»
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World status of lattice QCD projects

near the physical point

O ETMC 211

O ETMC2 _
MILC 2: mMuy=md

A cLs 21: mMu=md#ms
BMW-c 21 211: mu=md£ms£Mmc
BMW-c 211
RBC/UKQCD 21
PACS 21

X TWQCD

infinite volume limit

continuum limit

0 0.005 0.01 0.015 0.02 0.025
a? [fm?]

Plenary talk at Lattice 2022 given by Finkenrath



World status of lattice QCD projects

near the physical point

O ETMC 211

ETMC 2
PACS10 |Q E™C 2: mu=me
A cLs 21: Mu=Md£Ms
/ BMW-c 21 211: Mu=mMd#Ms#Mc
BMW-c 211
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X TwQCD

infinite volume limit
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Plenary talk at Lattice 2022 given by Finkenrath



Our strategy

v Use 2+1 flavor PACS10 gauge configurations

» Physical point — No chiral extrapolation

» Very large spatial volume (L )— No finite size effect & Low g2 physics

» 3 different lattice cut-offs (@) — Continuum limit (currently not available)

v All-mode averaging technique — High precision measurements

v Highly tuned smearing — Suppression of excited-state contributions

v Model-independent Q2 fit by z-Expansion method

v Disclaimer: only iso-vector quantities are considered



3 points to note

1. Why iIs such a large spatial size (~10 fm) Is

necessary?

2. What Is the significance of the suppression of

excited-state contributions?

3. Why only iso-vector quantities are considered?



Why Is such a large spatial size
(~10 fm) 1s necessary?



How Large Spatial Size is Necessary?

Discrete momenta on the lattice are related to
the size of the spatlal extent L
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v can access the small momentum transfer up to 0.01 [GeV?] for L=10 fm



How Large Spatial Size is Necessary?

Discrete momenta on the lattice are related to
the size of the spatlal extent L
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How Large Spatial Size is Necessary?

Discrete momenta on the lattice are related to
the size of the spatlal extent L
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What is the significance of the
suppression of excited-state
contributions?



Nucleon correlation functions

. Compute 2-pt and 3-pt functions, using nucleon

interpolator ‘H and operator insertion () R (A
(H(E)HI(0)) = S7;1(0[H(0)]3)]2e M ¢«
27 |<O'H‘N> |2€—MNt Tsnk=T tsre=0

a sum of exponentials

(HHO)H(0)) = 3=, ;e M E=0[H i) (i O1) ([ #T0)e "

4

— [{O[H|N)|*(N|O|N) e n top=t

t-t'>0  not-dependence @
and

t' >0 Tsnk=t tsre=0




Ratio of 2-pt and 3-pt functions

v/ matrix elements (form factors) can be determined from
ratios of the 3-pt and 2-pt functions

(H(H)O(t")HT(0))

(H()HT(0))

X <N‘O|N> _|_B€—AE(t’——tsrC) 1 CG—AE(tsnk—t/)

AFE = F;{ — My / E; (Excite(i—sta,te energy)

top=t’

—

Tsnk=T -.. tsrc=o

T.sep=tsnk—tsrc

1.5 —

1.4

1%
' (0)

,

(H(t)O(t')H'(0))
(H(t)HT(0)) |
I

¢

Hihiaatt,

0

| | | | | |
2 4 6 8 10 12 14 16
tl

t = 15 1s fixed



Ratio of 2-pt and 3-pt functions

v/ matrix elements (form factors) can be determined from

ratios of the 3-pt and 2-pt functions

(H()HT(0))

Highly tuned smearing

HOOWVHO) | nioiny 4 Gt | Frmtitia=T)

AE = E, — Mn

top=t’

—

Tsnk=T -.. tsrc=O

T.sep=tsnk—tsrc

1.6

1.4F

1.3

FE; (Excited-state energy)

H'(0)

R S e XA Hf>

no t’ dependence

:
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Why only iso-vector quantities are
considered?



Iso-vector quantities

electromagnetic em __ g_ B 1 7 o
current J“ B SUJ%LU Sd/y“d +
L[ - 1[ - - v o1 g
=35 (v, u — dy,d)|+ G (v u+ dy,d)| = S, + §Ju
ISO-vector ISO-scalar

matrix element (ME) is0-spin symmetry
em V 1 S

proton  {p|J,"p) = (p|J Ip) + 5 (bl J) D) (Bl IS |p) = (n]J5|n)

1 TV = —(nl.gv
neutron (n|J™|n) = (n|J; |n) + g(n!Jf\m (ol lp) = =(nlJ,, [n)

(p| T p) — (n|J" n) =|(p|luy,u — dy,dlp)|=|(p|uy,.dn)

iIso-vector Weak process

proton ME nheutron ME

Iso-vector part receives NO disconnected contribution in 2+1 flavor QCD



Connected/disconnected diagrams

(H(t)O(t')YHT(0)) has two types of quark contraction

diagrams (Wick contractions)

_t!
Tsep
@ tsep
v Iso-vector quantities v Iso-scalar guantities

v B-decay (weak matrix elements) V electro-magnetic matrix elements



Connected/disconnected diagrams

(H(t)O(t')YH(0)) has two types of quark contraction

diagrams (Wick contractions)

Typically 10 to 100 times higher

v iso-vector quantities v Iso-scalar quantities
v B-decay (weak matrix elements) V electro-magnetic matrix elements






Status of PACS10 projects

Configuration PACSI10 HPCI
Resource poakdorest K-computer
Nt 2+ 1 2+ 1
mz[MeV] 135 138 142 146
L [fm] 10 fm 3.1 fm
L3x T 1284(644) 1604 2504 964
a [fm] 0.085 0.063 0.04 1] 0.085
Status done done done done
Nucleon FF done done running done
EWGOICINENE done  partly done  planning done




- K.l. Ishikawa et al., Phys. Rev. D98 (2018) 074510. (HPCI)
- E. Shintani et al., Phys. Rev. D99 (2019) 014510. (PACS10)

- K.l. Ishikawa et al., Phys. Rev. D104 (2021) 074514. (PACS10)
- R. Tsuji et al., Phys. Rev. D106 (2022) 094505. (PACS10)

- R. Tsuji et al., Phys. Rev. D109 (2024) 094505. (PACS10)

mz[MeV] 135 133 142 146

L [fm] ~ 10fm 3.1 fm
o Toor ] 256+ o6
JIE 0085  0.063 0.041 0.085
Status | done done done done
Nucleon FF done done § running done
Renorm (SF, NPR) , - aone a planning done




Nucleon mass




Effective mass plot for Mn

Smearing parameters are highly tuned to maximize
the ground-state dominance.

"T79% deviation | _ G(t) = 2.; As exp(=Mit)
i — O Smear-Local (160c¢) |.
2% deviation <> Smear-Smear (160c) A sum of exponential func
1.1 s 7 |
<P
% b T | Mo < My < ---
[ cococtad Tl LT Mer(t) = In{G(8)/G(E + 1))
s | g9999e0Eseg i dhh 111 eff \t) = I
Clatte e s acam ot
09F ¢ T[T — M,
0.945(4) GeV ¢ : e
08y =10 15 20 _ 25 30 Ao > Ai~o

t/a

L4=1604, a=0.063 fm
Achieving a percent level precision on the nucleon mass



AXxlal charge




Ratio for axial charge ga

R. Tsuji et al.,, PRD109 (2024) 094505
*Highly tuned smearing
Ratio method

— Suppression of excited-state contributions
(H)O(t')H'(0))
14l - (H(t)HT(0))

%1-3‘-' 604 QQ00OLDDDL0000 . GS contribution
~" 1.2

<

> (N|O|N)

13

la

1.1 _l | | | | | | | | | | | | | | | | H

“ 1.4 \|/ \l/ —

16

19 00000@ss5H0000C0

2
~* 12 -
<

o
1.1

1.4—I\|/IIIIIIIIIIIIII\|/I|:

t 13- 00R0000GEEEH500c50000

1.2 —
<

o
1.1 ]

la

19

la

Effect of excited-state contamination is negligible

Good plateau for tsep=19, 16, 13 and no tsep dependence



A precent-level determination of ga

1.4 ! | ! | ! ! |

1% deviation
O 128" lattice, a=0.085 fm

5 _
1.35 [1 64" lattice, a=0.085 fm 2% deviation

— —  Expt. 1.2754(13)
I tsepZ] 2 fm 1 ] < . >
- sep
131 : _
= T T :
QZE __________________ C) ___________ 8.- —————————
O Q) ;
125k 1 : |
1.2+ Seasssssssssmamsns > |

I [] K.-I. Ishikawa et. al. (PACS collab.) PRD99 (2021) 07_4514

| I | I | I | I |
1'1%).6 0.8 1 1.2 14 1.6
t (fm)

sep

Effect of excited state contamination is negligible for tsep>1.2 Tm.
Finite volume error is less than 1%.



A precent-level determination of ga

1.4 | | | | | | | |
| 160" lattice, 2=0.063 fm e devfatfon
~ 135 O 128" lattice, a=0.085 fm 2% deviation N
'_8 . 0 64 lattice, a=0.085 fm T
5 - - —  Expt. 1.2754(13) topz 1.2 Fm _ | < : >
r— - sep
CEG 13 —
o i SR SR 1. S i
0, :
- :
— = : T
N——r B . -4 A
<Q n
m 12+ SesmsmEsmsmEmEEEE® > |
| [ K--I. Ishikawa et. al. (PACS collab.) PRD99 (2021) 074514
() R. Tqui et. al. (PAPS collab.) IIDRD1 09 (2924) 09450

1'1%).6 0.8 1 1.2 14 1.6
t (fm)

sep

Effect of excited state contamination is negligible for tsep>1.2 Tm.
Finite volume error is less than 1%.

Discretization error is less than 1%.



Electric form factor




Ratio for iso-vector Ge(g?

tsep
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: NG 1 & F ]
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T 1 © = 1 T F -
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Good plateau for tsep=13, 16, 19




Iso-vector electric form factor Ge
E. Shintani et al., Phys. Rev. D99 (2019) 014510

| | | | | | |

- e Q* B
Ge(Q°) = 1(Q°) — == F»(Q%)

@ 4MN

0.95 _
)
0.9} @ .
G h2y_ 6 G 0
CDLU 0.85F ' Ge(0) d¢* . 0] _
Kell @
0.8F oy -
O 128 , a=0.085 fm @
0.75F _
Kelly’s folrm falctor pl)aramleteriz?tion, lPRC7IO (04)l 0682102 | 1

07— 0.05 0.1

q* [GeV?]

The previous results disagree with the Kelly’s curve



Iso-vector electric form factor Ge

0.75

0.7

~ Kelly

& 160" a=0.063 fm
O 128" a=0.085 fm

Gr(Q") = F1(Q7) -

& @ uncertainties in Ge

Kelly’s form falctor pl)aramleteriz?tion, .PRC7.O (04)I 0682|02

R. Tsuji et al., PRD109 (2024) 094505
| | | | |

5 |
4%]2\7 F>(Q?)

Large discretization_

>

0

0.05
q° [GeV?]

0.1

The new results obtained with the fine lattice spacing
(a=0.06 fm) approaches to the Kelly’s curve



Iso-vector electric form factor Ge

——— Needs the third simulation (2564)
- & . . .
at the finer lattice spacing (a=0.04 tfm)
e -
0.95F 4 -
o
0.9l ¢ o Large discretization_
S S dG) ¢ @ uncertainties in Ge
5 0.85F 7 Ge0) di? . oD i
2, 0
a
0.8l Keu}: X (qa) )
< 160", a=0.063 fm O
4
075 |© 128, a=0.085 fm )
o
0.7 Kelly’s folrm falctor pl)aramleteriz?tion, .PRC7.O (04)I 0682|02 |
| 0 0.05 0.1
q° [GeV?]

The new results obtained with the fine lattice spacing
(a=0.06 fm) approaches to the Kelly’s curve



g, (renormalized)

Lattice discretization uncertainties

» Lattice discretization uncertainties on ga and re

1.35

—_
w

1.25

—_
N

1.15

axial charge ga

 Expt. _ ]
X po 1
i ¥ PDG(2022) 1.2754(13) 1% deviation

<> Coarse lattice (1284)
L |O Fine lattie (160"

2% deviation

. | . |
0 0.02 0.04

| . |
0.06 0.08

Lattice spacing [fm]

Negligibly small (< 1% )

0.1

Isovector radius <(r)>>""2 [fm]

o
©

o
o3

o
~

o
o))

rms charge radius [IE

X
X

- Expt.

Iso-vector

X 0.939(6) [fm] (ep scatt. input)
X 0.907(1) [fm] (uH spect. input)

<> Coarse lattice (1 284)

" |O Fine lattice (160%

0 0.02 0.04

| .
0.06 0.08

Lattice spacing [fm]

Significantly large( ~10% )

R. Tsuji et al., PRD109 (2024) 094505
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g, (renormalized)

Lattice discretization uncertainties

» Lattice discretization uncertainties on ga and re

axial charge ga rms charge radius [IE
1.35 . , , | | 1 | | |
_ E iso-vector -
Expt. _ = X )
1.3 % — 1\_/\ 0.9} )( V... .
. I 1 & [Expt. 5
CP v SO, :
1.25 | 2 08l 3
i s | -
¥ PDG(2022) 1.2754(13) o . S X 0.939(6) [fm] (ep scatt. input)
121 1O Coarse lattice (1284) 1% deviation - E’ 0.7 | X 0-907(1)[@] (uH S4|oect- input) =z
- /O Fine lattie (160" 2% deviation | 2 | 9 Coarse lattice (128')
ms———75 Needs the third simulation (2564) B

0.06 008
[fm]

Negl at the finer lattice spacing (a=0.04 fm) e(~10% )

R. Tsuji et al., PRD109 (2024) 094505



Summary

We have studied iso-vector nucleon form factors calculated in 2+1
flavor QCD at the physical point on (10 fm)# lattice at two lattice
spacings (a=0.085 and 0.063 fm)

v Large spatial volume allows investigation in the small
momentum transfer region, 0.01 < g2 < 0.1 [GeVZ2] with g2=0

v tsep dependence is systematically investigated

= gaand Gg, Gm show nho tsep dependence

= excited-state contributions are negligible for tsep = 1.2 fm

v Large discretization uncertainty is observed in Gg, but not in ga

= needs the third simulation at the finer lattice spacing



3rd simulation performed on Fugaku

g, (renormalized)

1.4

—l
V)

—_l
N

1.6.

2 M 256" lattice (a=0.041 fm)

Iso-vector

2023 16M node-hour@Fugaku

2024 10M node-hour@Fugaku

1 | 1 | 1 | 1
1% deviation

2% deviation

<> 160" lattice (a=0.063 fm)

O 128" lattice (a=0.085 fm)
—_ Expt. 1.2754(13)

preliminary

I
6 0.8 1 1.2
t [fm]

sep

R. Tsuji et. al. (PACS collab.) Lattice 2024

|
1.4 1.6

<~ iso-scalar requires 10 to 100 times
higher computational costs



Current status for proton’s charge radius from lattice QCD

ETMC: PRD100 (2019) 014509
~ P ETMC: PRD101 (2020) 114504
| | T\ ' Mainz: PRD109 (2024) 094510

ETMC (2019) 15
ETMC (2020) HOH

uH ep-scattring

} not satisfty 2)

PACS10 (fine) = _EE
PACS10 (coarse) t-1@-1

} not satisfy 1) and 2)

Isovector + exp. (heutron)

Mainz (2024) o } First complete calculation
K

iIsovector + exp. (neutron)

04 05 06 0.7 08 09 1

<rEz>g)’2 [fm]

1) including the disconnected contribution

2) taking the continuum limit






» Continuum limit » Continuum limit

1.1 1.2 1.3 1.4 @ Physical quark mass 3.5 4 45 5 @ Physical quark mass
— | T | T | T | T | T | T - T T T T | LI | T T T | T T 17T | T T T T | LI
- I h - @ ETMC 2020 -
axlal charge - » Callat 2020 .| HOoH » PNDME
< H-O-H » PNDME 2018 5 0 @ ETMC
=" » CallLat 2018 =
el PACS 2023 (fine) .
_ [ _, PACS 2020 (coarse) H&H PACS 2023 (fine)
C-G H_E] | Lt > ,'\\IA'ZEEZQ%; 9 - H—e—H PACS 2020 (coarse)
I 3 @ LHPC 2019 (fine) ; HOH
=" 1 @ LHPC 2019 (coarse) » NME 2021 (A&B)
HOHH » %QCD 2018 > =0
—+T—— JLQCD 2018 ﬂH » Mainz 2023
@ ETMC 2020 (large) » Mainz 2021
< }_D}EH @ ETMC 2020 (small)
> — » Mainz 2017
o » RQCD 2014 _
ot
9 HO N,=2+1+1 (FLAG 2021) b o n IagnetIC moment
T O N~=2+1 (FLAG 2021)
| 1 | 1 | 1 | 1 | 1 | 1 11 1 | | | | 1 11 | | I | | 11 1 | | |
1.1 1.2 1.3 1.4 35 4 45 5
Isovector axial charge Isovector magnetic moment
R. Tsuji et al., PRD109 (2024) 094505
» Continuum limit » Continuum limit » Continuum limit
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Mainz Group

0.086 0.073 0.064 0.050
227, 283 218,289 130, 207,281,295 176, 266

4.1, 2.8 4.9, 3.7 6.1,4.1 3.1, 20 4.8, 3.2

Discretization effects are statistically less precise, especially for RMS radii.

Our Group (PACS)

Discretization effects are observed at fixed mz with a fixed physical volume.



